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Abstract. We consider the problem of minimising the kth eigen- 
value, k > 2, of the (p-)Laplacian with Robin boundary conditions 
with respect to all domains in M. N of given volume AI. When 
k = 2, we prove that the second eigenvalue of the p-Laplacian is 
minimised by the domain consisting of the disjoint union of two 
balls of equal volume, and that this is the unique domain with this 
property. For p = 2 and k > 3, we prove that in many cases a 
minimiser cannot be independent of the value of the constant a 
in the boundary condition, or equivalently of the volume M. We 
obtain similar results for the Laplacian with generalised Wentzcll 
boundary conditions Au + (3^ + ju = 0. 



1. Introduction 
We are interested in the eigenvalue problem 

- divfl Vu\ p - 2 Vu) = X\u\ p - 2 u in n, 

du (1-1) 
\Vu\ p - 2 — + a\u\ p ~ 2 u = onffi, 
ov 

where Q C ~R N is a bounded, Lipschitz domain, 1 < p < oo, a > 
0, and v is the outward pointing unit normal to Q. Here A p u := 
div(| Vu| p ~ 2 Vu) is the p-Laplacian of u and the boundary conditions 
in f 1 1.11) are of Robin type. 

It is known that if Q is connected, then analogous to the case of 
Dirichlet boundary conditions there is an isolated simple first eigen- 
value Ai = \i(Q,a) > such that only eigenfunctions associated with 
Ai do not change sign. Moreover, there is a well-defined second eigen- 
value A2 > Ai at the base of the rest of the spectrum obtainable by the 
L-S principle (see [18, Section 5.5]). If p = 2, then we recover the usual 
sequence of eigenvalues < Ai < A 2 < A 3 < . . . — ► 00 exhausting the 
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spectrum (see for example [7]). For not necessarily connected domains 
Q, we wish to study minimisation problems of the form 

mm{\ k (tt,a) : C R N is bounded, Lipschitz, |0| = M} (1.2) 

where M > and a > are fixed, k > 2 if p = 2 and k = 2 otherwise, 
and | . | is iV-dimensional Lebesgue measure. Note that we list repeated 
eigenvalues according to their multiplicities. Such problems are often 
called isoperimetric problems as they depend on the geometry of the 
underlying domain. 

When k — 1 the Faber-Krahn inequality asserts that the unique 
solution to ([L2D is a ball B with \B\ — M (see [2,5]). When k = 2 and 
p — 2 it was proved in [16] that a solution to (11. 2p . which we shall call 
D 2 , is disjoint union of two equal balls of volume M/2. 

For k = 2, it was proved in [15] that the domain which we shall call 
D2, consisting of the disjoint union of two equal balls of volume M/2, 
is a solution to ( j 1.2ft when p = 2. Our first goal here is to generalise 
this result to all 1 < p < 00, and at the same time prove uniqueness of 
this minimiser (that is, sharpness of the associated inequality). This is 
done in Section [2] (see Theorem 12.11) . 

We consider the problem (11. 2p for k > 3 in Section [3j Here we restrict 
our attention to the case p = 2 because the spectrum of the p-Laplacian 
is not well understood otherwise. In particular, it is not known if the L- 
S sequence exhausts the spectrum, although we expect our observations 
to generalise easily if this is the case. We prove that for many values 
of iV and k there cannot be a solution (11.21) independent of a > in 
(II. ip . or equivalently, of the volume M > 0. (See Theorem 13. 1L ) Note 
that actually proving the existence of a solution to (11.21) in general is an 
extremely difficult problem - this has not even yet been proved in the 
easier Dirichlet case (see [3,14]), and the Robin problem lacks many of 
the properties of the Dirichlet problem (see Remark I3.2p . 

In Section HI we consider the Laplacian with generalised Wentzell 
boundary conditions 



where /3, 7 > 0. Here too there exists a sequence of eigenvalues < 
Ai(f2) < A 2 (f2) < . . . exhausting the spectrum. Moreover, the first 
eigenvalue A x satisfies the (sharp) Faber-Krahn inequality Ai(f2) > 
Ai (B) for all bounded, Lipschitz Q C as the solution for k — 1 to 
the analogue of ( 11. 2ft (see [15]). This is a similar problem to ( 11.11) . and 
we prove analogues of our results for the Robin problem in this case 
(see Theorem 14. ip . Here we only consider the case p = 2; it appears 
no work has yet been done on developing a theory of the j9-Laplacian 
with boundary conditions A p u + (3\ Vm| p_2 |^ + 7|m| p_2 m = on <9f2. 
Before we proceed, we have a few general remarks. 



-Au = Au 
Au + (3— + 7« = 



on dQ, 



in f2, 



(1.3) 
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Remark 1.1. (i) We will only consider bounded, Lipschitz domains 
of fixed volume M > unless otherwise specified, since this is in some 
sense the "natural" setting for problems such as (II. ip and (11.31) . al- 
though a solution to (II. 2p could be unbounded or non-Lipschitz. 

(ii) We allow our domains to be disconnected, which is necessary for 
considering problems such as (11. 2ft . We will assume throughout that 
Q consists of countably many bounded connected components (c.c.s 
for short), each having Lipschitz boundary, and that there exists 5 > 
such that the distance between any two c.c.s is at least 5. Such domains 
are slightly more general than "bounded, Lipschitz" . In such the 
eigenvalues of Q (for any operator or boundary condition) can be found 
by collecting and reordering the eigenvalues of the c.c.s. 

(iii) For such domains U, V, in a slight abuse of notation we will say 
U = V iff their c.c.s are in bijective correspondence and for each pair 
U, V of c.c.s, there exists a rigid transformation r such that r(U) = V. 
(Thus their spectra will coincide.) 

(iv) We will always use A = X^(p,,a) to stand for an eigenvalue of 
(II. ip . A = A k (Q, (3, 7) for (11.31) . although we will drop one or more 
arguments if there is no danger of confusion, and we will denote by 
A^fc = /-ffc(^) the kth eigenvalue of the Dirichlet p-Laplacian on Q. We 
collect some elementary properties of these eigenvalues in the appendix. 

2. The second eigenvalue of the Robin p-Laplacian 

Choose l<p<oo,o;>0 and M > 0, which will all be fixed for 
this section. Let A2(f2) be the second eigenvalue of ( 11.11) on Q, and let 
D2 be the disjoint union of two balls of volume M/2 each. 

Theorem 2.1. Suppose Q C M. N is a domain of volume M satisfying 
the assumptions of Remark M . l\( ii) . Then A2(f2) > ^2{D2) with equality 
if and only if Q = D2 in the sense of Remark M . l\( iii) . 

To prove Theorem 12.11 we cannot directly apply the method used in 
the Dirichlet case (see for example [14, Section 4] and also [16, Section 2] 
for when p = 2; the arguments are the same when p 7^ 2) since the 
nodal domains may not be smooth enough to apply the Faber-Krahn 
inequality, which is only known for Lipschitz domains (see [2]). The 
proof we give is a refinement of that in [16], which for p = 2 constructs 
an appropriate sequence of approximations to the nodal domain. A 
significant additional argument is needed to prove uniqueness of the 
minimiser. 

Remark 2.2. When p = 2, Theorem 12.11 combined with [16, Exam- 
ple 2.2] shows that there is no minimiser of A2 amongst all connected 
domains of given volume, since we can find a sequence of connected Q n 
with A2(f2 n ) — > A2(-D 2 ). A similar construct should work when p ^ 2, 
but we do not know of domain approximation results akin to those 
in [6] for this case. 
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Before we proceed with the proof of Theorem 12. 1[ we recall some 
properties of the eigenvalues and eigenf unctions of the problem fll.il) . 
Here for simplicity we will assume Q is connected. We understand an 
eigenvalue A G M. of f 1 1.11) with eigenfunction if) e W 1,P (Q) in the weak 
sense, as a solution of 

f \Vip\ p ~ 2 Vip ■ Vpdx+ [ a\ip\ p ~ 2 ip(pda = X [ \ip\ p ~ 2 ip^ dx (2.1) 
Jn Jan Jn 

for all cp e W^itt). 

Proposition 2.3. Suppose Q C M. N is a bounded, connected Lipschitz 
domain. Then 

(i) there exists a sequence of eigenvalues (X n ) n eN of ( II. ip . obtain- 
able by the Ljusternik-Schnirelman (L-S) principle, of the form 
< Ai < A 2 < . . .; 

(ii) the second L-S eigenvalue satisfies 

A 2 = inf{A > A x : A is an eigenvalue of (11.11) }; 

(hi) the first eigenvalue Ai > is simple and every eigenfunction if) 
associated with Ai satisfies if) > or if) < in Q; 

(iv) only eigenf unctions associated with Ai do not change sign in Q; 

(v) every eigenfunction if) of (EE]) lies in W^ p (9) nC l ^(9) nC(U) 
for some < rj < 1. 

Proof. Parts (i)-(iv) are essentially contained in [18]. Although C 1 
regularity of Q is assumed there in order to derive (i) and C 1,9 , < 
9 < 1, is assumed for (ii)-(iv), a careful analysis of the proofs shows that 
only Lipschitz continuity of dQ is needed, since all background results, 
including those in the appendices, are valid for Lipschitz domains. (The 
extra regularity of dfl is needed only to prove extra boundary regularity 
of the eigenf unctions.) For (v), first note that by [8, Theorem 2.7], every 
eigenfunction ip e L°°(Q) (see also Section 4 there). But now, as noted 
in [2, Section 2], the arguments in [17, pp. 466-7] imply that if) is Holder 
continuous on Q. Also, by [21], Vip is Holder continuous inside Q. □ 

To prove Theorem 12.11 we first reduce to the case that Q is con- 
nected. For, suppose Theorem 12.11 holds for connected domains, and 
that Q 7^ D2 is not connected. There are two possibilities: either 
A 2 (fi) = A 2 (fi) for some c.c. Q of Q, or else there exist c.c.s Q', Q" 
such that Ai(fl) = Ai(0 / ), A 2 (f2) = Ai(f2'). In the former case, if 
we let D 2 be a scaled down version of D 2 with \D 2 \ = |0|, since Q 
is connected we may apply Theorem 12.11 to get A 2 (0) > A 2 (D 2 ) > 
A 2 (D 2 ), where for the last step we have used Lemma IA.31 In the 
latter case, let B', B" be balls having the same volume as Q', Q", 
respectively. Then by the Faber-Krahn inequality [2, Theorem 1.1], 
A 2 (0) > max{Ai(n'),Ai(n")} > max{Ai(S'), A^S")}, and the latter 
maximum is minimised when Xi(B') = X\(B") = A 2 (D 2 ). Finally, if 
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A2(0) = \2{D 2 ) then equality everywhere in the above argument im- 
plies \Q!\ = = M/2 (also using strict monotonicity in Lemma [A. 3p 
and sharpness of the Faber-Krahn inequality [2, Theorem 1.1] implies 
Q> = B', Q" = B"; that is, Q = D 2 . _ 

So now suppose fl is connected, and let ip £ W 1,P (Q) n C(Q) be 
any eigenfunction associated with A2(fi). Since ip must change sign in 
Q, the nodal domains Q + := {x G Q : ip(x) > 0} and Q~ := {a; G 
Q : ?/>(x) < 0} are both nonempty and open. Set ip + := max{-?/>,0}, 
:= max{-^, 0}; then we have G W /1,p (fi) fl C(U), and 



with an analogous formula for (see [11, Lemma 7.6]). 

Let B + , B~ be balls having the same volume as Q + , Q~ respectively. 
We will show that A 2 (0) > max{Ai(.B+), Xi(B~)}. By Lemma GO] this 
maximum is minimal when B + = B~ and X\(B + ) = \i(B~) = X2{B>2). 
Without loss of generality we only consider Q + . Let d e Q + := dQ + (IdQ 
and d{Q + := dfl + fl Q = dfl + \ d e Q + denote the exterior and interior 
parts of the boundary of fl + , respectively (note that diQ + will not be 
closed). We first show that a piece of diQ + must be smooth. 

Lemma 2.4. There exist xq G fl and r > such that ip{ x o) — 0, 
B(x ,r) CC fl, Vip{x) for all x G B(x ,r), ip G C°°(B(x ,r)) and 
{x G B(x ,r) : ip(x) = 0} is a surface of class C°° . 

Proof. We first show we can find xq G difl + with Vip(x) ^ in a 
neighbourhood of xq. Choose any x G fl + close to difl + and let So := 
inf{5 > : dB{x, 5) fl <9^+ ^ 0}. Then 5(x, 8 Q ) C fi+ but there exists 
x G dB(x,5 ) n <9;fi+. 

We now apply a version of Hopf 's Lemma for the p-Laplacian due to 
Vazquez. Since i(j(x ) = 0, ip(x) > in B(x,5o) and ip G C 1 (5(a;, 5 )), 
by [22, Theorem 5] we have J^-(^o) < 0, where vb is the outer unit 
normal to B(x, So). Hence Vip(xo) ^ 0, and so by continuity of 
V"0 there exists a neighbourhood Vo of Xq and m > such that 
|V , 0(^)| > Jro for all x G Vo- In particular, inside Vo we may write 
—A p ip = — div(a(x)V'?/'), where a(x) = \Vip(x)\ p ~ 2 > m p ~ 2 > 0. 
Since ip £ C 1 (Vo) is an eigenfuction of the operator — div(a(x)Vw), a 
standard bootstrapping argument using elliptic regularity theory yields 
ip G C°°(Vo). By the implicit function theorem it follows that the level 
surface {ip = 0} is locally the graph of a C°° function inside Vo- □ 

Fix xo and r as in the lemma and set T := d{fl + C\B(xo, r/2) smooth; 
then the surface measure o~(T) > 0. We will impose Robin boundary 
conditions on T, strictly lowering the first eigenvalue of a suitable vari- 
ational problem on fl+. To that end set V : = {y? G W 1 ' p (fl + ) nC(fl+) : 




if ip > 
if ip < 
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ip = on diQ + \ T}, for ip E V set 

n , s Jn+ \V<p\ p dx + j +uT a\ V \Pda 

and let 

/<fi + ) := inf Q (yj) (2.3) 

We may characterise A 2 (f2) as follows. In an abuse of notation we will 
not distinguish between ip + on Q and ip + \n+- 

Lemma 2.5. We have ip + E Vq and 

Proof. We already know V ;+ G Kb since V ;+ G VT 1,p (fi) PI C(O) is zero 
on <9jfi + . To obtain (12. 4p . choose ip + as a test function in the charac- 
terisation (J2IIJ of A 2 (fl). Then |V^| p - 2 V^ • = |V^ + | P in ft and 
\ip\ p ~ 2 ip ip + = \ip + \ p pointwise in Q. Since ||t/' + || p , ^ 0, 





p dx + 




p da 




Pdx 



A 2 (Q) = ' f r--^ Ir 1 • (2.5) 



Now (E3D follows since {x E Q : ^ + (x) ^ 0}, {x E Q : Vtp + (x) ^ 
0} C Q + , and the boundary integrand a| , ?/' + | p in ( 12. 5ft is nonzero only 
on d e f2 + . Finally, Q p (ip) = Q P (ip + ) is obvious since z/> = -?/> + on Q + U 

a e n + . □ 

Lemma 2.6. A 2 (fi) > k(^ + ). 

Proof. It is immediate from Lemma \2. 51 and ( 12.31) that A 2 (0) > /t(fi + ). 
Suppose for a contradiction that we have equality. Then since A 2 (fi) 
and ip satisfy ( 12.31) . we may also characterise them by 



/ \Vip\ p ~ 2 Vip- V<pdx + [ 
Jn+ Jo, 



a\ip\ p 2 ip(pda 
n+ur 



= 0, 

t=o 



= X 2 (P) / \ip\ p ~ 2 ipydx 
Jn+ 

for all (p E Vq. (This can be seen, for example, by solving 

d / / n+ |V(^ ~ tip)\ p dx + f den+ur a\ip - tip\ p da ^ 

dt V J Q+ \ip — tip\ p dx 

where t E R and (p E Vq.) 

Now recall <9jf2 + is smooth in an open neighbourhood B(xo,r) of T. 
We can choose an open set U C Q + Lipschitz with U CC B(xo,r) and 
such that T C dU . Then we may extend any ip E C%°(U U T) by zero 
to obtain an element of Vq, and so 



|V^| P " 2 V^ - V<pdx+ [ a\ip\ p ~ 2 ip<pda = A 2 (fi) [ \ip\ p ^' 2 
u Jr Ju 



ip<p dx. 
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for any <p £ C C °°(C/ U T). Also, since ^ £ C°°([/) by Lemma EH we 
see — = A2(fi)|?/'| p ~ 2 '^ pointwise in [/. Multiplying through by 
V? £ C^°(U U T), a simple calculation gives 

f |V^r _2 V^- Vip-div(\\7?p\ p - 2 ip\7ip)dx = A 2 (fi) / 

</[/ JC/ 

which is valid since ^ £ C°°(U). Applying the divergence theorem on U 
(see for example [10, Section 5.8]) and comparing the above identities, 



a\ip\ p 2 %fjipda 



r 



for all <p £ C^°(U U T), where v is the outward pointing unit normal to 
U ( equivalent ly, Q + ) on T. Since C^°(U U T) is dense in L q (T) for all 
1 < q < oo, it follows that ip £ C 1 (?7) satisfies the boundary condition 
|V"?/>| P_2 |^ + a\ijj\ p ~ 2 ip = pointwise in T. But we know ip = on T, 
while by Hopf's Lemma [22, Theorem 5] applied to U and ip £ C 1 (?7), 
we have §£ > (and |V^| > 0) on T, a contradiction. □ 

We will now construct a sequence of smooth domains U n approxi- 
mating fl + from the outside, in order to overcome the possible lack of 
overall smoothness of dQ + . As in [16, Section 3], we attach a "strip" 
near dQ to Q + to avoid the points where d e Q + and <9jf2 + meet. Fix 
n > 1 and set := {x £ Q : dist(x, <9f2) < 5}, where 5 = 5(n) is 
chosen such that \S n \ < l/(2n). By [9, Theorem V.20] we can approx- 
imate Q + U S n from the outside by a smooth domain U n as follows. 
Let Q D U n D Q + U S n be such that <9£7" n = ffl U r„, where T n CC Q 
is C°° and |Z7 n \ (Q + U ifj n )| < l/(2n). We also impose the condition 
that T C T n , which we can do since <9jf2 + is C°° in an open neighbour- 
hood B(xo,r) C f2 containing T. Then for any n>l,U n is Lipschitz, 
\U n \ VL + \ < 1/n, and since B(xo,r) CC Q, without loss of generality 
dist(F n \ T) > as well. (See Figure HJ) 




Figure 1. Q + and U n . The dotted line represents dtfl + 
and the dashed line T n = dU n fl Q. 

In order to use the U n , we need the following modification of the stan- 
dard result that if U C M. N is open, arbitrary then functions in W l,p (U) 
vanishing continuously on dll lie in Wq P (U) (cf. [11, Section 7.5]). 

Lemma 2.7. Let ip £ Vq and fix n > 1. The function (p : U n — > R 
given by ip = ip in Q + , (p = in U n \ Q + lies in W 1,p (U n ). 



8 



J. B. KENNEDY 



Proof. Let tp G Vq and (p be as in the statement of the lemma. Using 
the lattice properties of V Q and W 1,p (U n ) (cf. [11, Lemma 7.6]) we may 
assume that ip > in Q + . For £ > let := — £) + G Vo- Then 
by continuity of ip, there exists an open neighbourhood U = U((p,£) 
of d{Q + \ T such that tp^ = on U fl f2+. Since the intersection of 
C/„ \ fi + with f2+ is contained in d{Q + \ T, adapting the argument 
in [1, Theoreme IX. 17] we may certainly extend <p^ by in U n \ Q + to 
obtain a function ip^ G W 1,p (U n ). Since (p^ f (p and 




if x G fi + 

if x G C/ n \ fi + 



pointwise monotonically in U n as £ — > 0, it follows easily that (7 = Vip 
and £ G W 1,p (l7 n ). □ 

For any n > 1 and <£> G Vo, using the extension <p G W l,p (U n ) of <y2 in 
the representation 

L \V<p\ p dx + L TJ a\{p\ p do 
^w^piUn) J Un \(p\ p dx 

we see Q p (<p) > Ai(C/ n ) for every y> G V^. Hence > Ai(C/ n ) 

by O- Now let B n be a ball with \B n \ = \U n \. By the Faber- 
Krahn inequality [2, Theorem 1.1], Xi{U n ) > Xi(B n ). As n — > 00, 
I ?7 n I — > and so Ai(£> n ) — > Ai(£> + ) by Lemma fA.31 We conclude 
that A 2 (fi) > > limsup^^ Ai(C/ n ) > Ai(5+), which in light of 

our earlier comments completes the proof. 

3. On the higher eigenvalues of the Robin Laplacian 

From now on we will assume p = 2 in (11. ip . We will consider the 
problem (11.21) for k > 3 fixed. In contrast to the Dirichlet case, this 
is not one problem but a family depending on the parameter a > 0. 
Here we will show that one cannot in general find a solution to (II. 2p 
independent of a (alternatively, of the volume M). Roughly speaking, 
for large a we are close to the corresponding Dirichlet problem, while 
for a close to (a Neumann problem), the domain Dk consisting of the 
disjoint union of k equal balls is in some sense a minimiser. We will 
denote by B m a ball of volume m, so that D k is the disjoint union of k 
copies of B M/k , and X k (D k , a) = X x (D k , a) = Xi(B M/k , a). 

Theorem 3.1. Let p = 2 in ( TP) . 

(i) Given any Q C M N of volume M satisfying Remark \l.l\( ii) such 
that Q 7^ D k in the sense of Remark \ 1 . l\( iii). there exists «n > 
possibly depending on Q such that X k (Q,a) > X k (D k ,a) for all 
a G (0, an)- 

(ii) There exist N > 2 and k > 3 for which, given M > 0, there 
is no solution to ( 11.21) independent of a; equivalently, there is 
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no domain D satisfying Afc(f2, a) > Xk{D, a) for all a G (0, oo) 
and all Q. 

(iii) There exist N > 2 and k > 3 for which, given a > 0, there is 
no solution to ( 11.21) independent of M > 0. 

Remark 3.2. (i) The conclusion of Theorem 13.1( h) and (iii) holds 
whenever does not minimise the kth Dirichlet eigenvalue When 
N = 2 this is true for all k > 3 (we prove this below) and when N = 3 
at least for k = 3 (for the latter see [3, Section 3]). 

(ii) It is easy to see (ii) and (iii) are equivalent assertions, since by 
making the homothety substitution x i— > ax, (II. ip is equivalent to the 
problem —Am = (\/a 2 )u in aVl = {ax : x G Vt\, |^ + it = on <9(aft). 

(iii) It is clear that any domain Q with more than k connected com- 
ponents (c.c.s) cannot minimise A& for any value of a. However, the 
theorem makes a stronger statement than this and as a result the proof 
is somewhat more involved. Indeed, for some k, N, we can easily find 
a domain fl n with any n > 1 c.c.s and an < oo. (Just take N = k = 3, 
so that for the ball B, Ob < oo. Shrink B slightly and add n — 1 
disjoint tiny balls to get fi n .) Note that the Robin problem (II .ip lacks 
many useful properties that the corresponding Dirichlet problem sat- 
isfies. For example, the domain monotonicity property fails; that is, 
U C V does not necessarily imply \ k {U,a) > \k(V,a) (see [20] or [12] 
for a counterexample). Similarly, if \k(U, a) > \k(V, a) holds for some 
a > 0, we cannot in general expect this for all a > 0. 

(iv) An examination of our proof shows that the conclusion of Theo- 
rem I3.1( i) holds for any domain Q for which the Faber-Krahn inequal- 
ity [2, Theorem 1.1] and Theorem 12.11 hold. 

Proof of Theorem \3.1\f i). There are two cases to consider, depending 
on how many c.c.s Q has. 

(i) Suppose first that Q has at most k — 1 c.c.s. If we set e := 
min{A2(^,0) : Q is a c.c. of Q}, then e > by Lemma [A .21 It follows 
from Lemma lA.l( i) that there exists «q > such that 

max{Ai(f2, a) : Q is a c.c. of Q} < e 

for all a G (0, olq). For all such a, by the pigeonhole principle at least 
one element of the set {X m (Q, a) : m > 2, Q is a c.c. of Q} must be one 
of the first k eigenvalues of Q (although precisely which m and c.c. may 
depend on a). In particular, using Lemma lA.l( i). 

Afc(f2, a) > inf {\ m (Q, a) : m > 2, Q is a c.c. of Q} 

> inf {A 2 (fi, 0) : Q is a c.c. of ft} > e 

for all a G (0,an). Since \k(Dk,a) = \i(Dk,a) — > as a — > 0, 
there exists < an < «sj such that \k(Dk,a) < e < \k(fl,a) for all 
a G (0,a n ). 
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(ii) Now suppose Q has at least k c.c.s. We may write Q as the 
disjoint union of Q' and Q", where Q' has j < oo c.c.s and |0"| < M/k 
(if Q" = 0, then we declare Xi(Q", a) = oo for all a > 0). Consider all 
possible open sub domains Q$ of where f2j consists of/, < k — 1 c.c.s 
of fi' (thus there are fewer than 2 J possible choices of Qi). For each 
i, let Dfc 5 j denote a scaled down version of D k such that |-Dfc,i| = \Q%\- 
Then by case (i) and Lemma [A. 31 there exists q.{ := such that 

A fe (Qj, a) > X k (D kii , a) > \ k {D k , a) (3.1) 

for all a G (0, 

Set «n := min^ > and fix a G (0, We will show X k (ft, a) > 
Xk{Dk, a) with equality only if Q = D k in the sense of Remark II. l( iii). 

First suppose Xi(Q",a) < \ k (£l,a). Then by the Faber-Krahn in- 
equality [2, Theorem 1.1] and Lemma [A. 3 1 

X k (n,a) > Xi(n",a) > X x {B M/k ) = X k (D k , a). (3.2) 

Since \Q"\ < M/k, Lemma IA.3I implies that the second inequality in 
(13. 2p must be strict. 

So assume now that Xi(Q", a) > X k (Q, a). There are two subcases to 
consider. First, if there are only I < k c.c.s Qx, . . . , Qi of Q f whose first 
eigenvalue is smaller than X k (Q,a), then setting Q to be the disjoint 
union of Q±, . . . , Qi, by (13.11) we have 

A fc (0, a) = X k (tt,a) > X k (D k ,a) 

by choice of «sj and a < Finally, suppose there are at least k 
c.c.s Qi of Q' such that X±(Qi, a) < X k (Q, a) for all i. Then X k (Q, a) = 
max!<j<fc Xi(Qi, a). For each i let Bi be a ball with \Bj\ = By the 
Faber-Krahn inequality Xi(Qi,a) > Xi(Bi) for all i and thus 

X k (Q,a) > maxA^E^a) > Xi(B M/k ,a) = X k (D k ,a), (3.3) 

i 

where the second inequality in (13.31) follows easily from Lemma IA.3I 
using Y2i \B{\ < If there is equality in (13.31) . then for every 1 < 
i < k, Ai(fii,ct) = Xi(B u a) = Xi(B M/k ,a) and so Q { = Bi = B M/k 
using sharpness of the Faber-Krahn inequality [2, Theorem 1.1] and 
Lemma |A.3[ respectively. In this case |f^| = M/k and so Q must 
consist of k copies of Qi = B^j/k, so fl = D k . □ 

In order to complete the proof of the theorem and our claim in 
Remark I3.2( i). we will use the following lemma. Recall fi k (Q) denotes 
the kth eigenvalue of the Dirichlet Laplacian (with p = 2) on Q. 

Lemma 3.3. Let N = 2 and fix k > 3. The domain D k does not 
minimise fi k (Q) amongst all bounded Lipschitz domains in IR 2 of given 
volume. 
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Proof. The proof is by an easy induction argument, using results from 
[23]. First note that D k does not even minimise /i k amongst all disjoint 
unions of balls if 3 < k < 17 (see [23, Section 8]). 

Now fix k > 4. We will show that if D k+ i minimises fik+i, then 
Dj must minimise fij for some 3 < j < k. For, arguing as in [23, 
Theorem 8.1], D k+ % may be written as the disjoint union of open sets 
U and V, say, where U minimises fij and V minimises fik-j+i (both 
appropriately scaled) for some integer j between 1 and k/2. Now U and 

V must both be disjoint unions of equal balls, and since the minimiser 
of Hj can have at most j c.c.s the only possibility is that U = Dj and 

V = -Dfc-i+i (both rescaled). Since k > 4, at least one of j, k — j + 1 
must be at least 3. Noting that the Dirichlet minimiser is independent 
of the volume of the domain, our claim follows. □ 

Proof of Theorem \3 . lV ii) and Remark \3.^ i). Suppose that D k is not 
the minimiser of fi k , which is true if N = 2 and k>3orN = k = 3. 
Then there exists a Lipschitz domain V such that /x&(V) < /^(-D^). By 
Lemma lA.ll fii) and (iii), we have Xk(V, a) < fik(V) and X k (D k ,a) = 
Xi(Dk,a) — > /Ui(.Dfc) = fik(Dk) as a — > oo. Using continuity, it follows 
that for a sufficiently large, \k(V, a) < Hk(Dk,a). Hence Dk does not 
minimise for all a G (0, oo). However, if U ^ Dk is any (Lipschitz) 
domain which minimises for some a G (0, oo), then by part (i) 
Xk(U, a) > Xk(D k ,a) for a < a sufficiently small. Hence for such iV 
and k no minimiser can exist for all a > 0. □ 

4. ON THE HIGHER EIGENVALUES OF THE WENTZELL LAPLACIAN 

Here we will study the Laplacian with generalised Wentzell boundary 
conditions (11.31) . This problem has been extensively studied in recent 
years; see for example [13, 19] and the references therein. We will de- 
note by A k = A k (Q, j3, 7) the kth eigenvalue, with repeated eigenvalues 
counted according to their multiplicity. It was proved in [15] that if 
Q C W N is a bounded Lipschitz domain, then 



for all (3, 7 > 0. (As before B is a ball having the same volume M as 
Q.) Moreover, the inequality is sharp if Q is of class C 2 . Note that 
combining the improved sharpness result in [2] for Robin problems 
with the method in [15], we immediately get sharpness of the Wentzell 
inequality ( 14. lft for all bounded Lipschitz domains. We will prove the 
following results which basically say that the minimisation problems 
for the Robin and Wentzell Laplacians are essentially the same. 

Theorem 4.1. Let (3, 7 > and k > 2 be fixed, let D C R N be a 
bounded Lipschitz domain, and let D k C M N be as in Section 
(i) Suppose that for every bounded Lipschitz Q C ~R N we have 



A 1 (Q,P, 1 )>A 1 (B,p, 1 ) 



(4.1) 



X k (D,a) < X k (Q,a) 



(4.2) 
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for all a G (0,7/ (3). Then 



A k (D,p,j)<A k (n,[3,j) 



(4.3) 



for all such Q. Conversely, if (14. 3 p holds, then (14.21) holds for 
some a G (0,7//?). 
(ii) ^/ (14. 2 p zs snarp /or all a G (0,7//?), t/ien so is (14. 3 p /or i/iis 
/3, 7. // (14.31) zs sharp, then (14.21) noMs and is sharp for some 



(iii) Suppose Q C zs bounded, Lipschitz. There exists an > 
possibly depending Q such that A k (Q, (3, 7) > A k (D k , /3, 7) /or 
a// /3, 7 wrat/i j/P < an- 

(iv) // /or some A; and iV tne conclusion of Theorem \3.1\ holds, 
then there does not exist D C bounded, Lipschitz such that 
A k (Q, j3, 7) > A k (D, j3, 7) /or a// sitc/i and all (3, 7 > 0. 

(v) For any bounded, Lipschitz Vt C R^ and any /3, 7 > 0, we have 
A 2 (f2, /?, 7) > A 2 (-D2, /3, 7), mft equality if and only if Q = D 2 . 

In order to prove the theorem we will need some preliminary results. 
In what follows we will assume that /3, 7 > and k > 2 are fixed, 
and Q C M. N is a fixed bounded Lipschitz domain. We start with an 
elementary identification which is the key to the approach. 

Lemma 4.2. Let k > 1 and a := (7 - A k (Q, (3,^))/ (3 G R. Then 



Proof. Consider the family of curves g n : R — > R, o n («) := (7 — 
A n (f2, a))/f3, n > 1, where we allow multiplicities in counting the A n 
(thus if A n (f2, a) = A n+ i(H, a) for some <5 G R, then g n (a) = g n+ i(<3)). 

We know that the set of Wentzell eigenvalues {A k : k > 1} is in one- 
to-one correspondence with the set of fixed points {a G R : g n (a) = 
a for some n}, via the identification as in [15, Proposition 3.3] (see 
also Remark 3.6(i) there). In particular, we know that A k (Q, (3,^) = 
A n (f2, a) with a = (7 — A k )/f3 for some n > 1; we have to show n = k. 

Now by Lemma fA.l( i) each curve g n is a continuous and monoton- 
ically decreasing function of a. In particular for each n there will be 
exactly one fixed point a n G R for which g n (a n ) = a n . Moreover, 
by definition g n (a) < g m (o:) whenever n > m and hence a n < a m if 
n > m. It follows inductively that A n (f2, a n ) = 7 — a n/ 9 is the nth 
Wentzell eigenvalue A n (f2, 7) for all n > 1. □ 

Note that we have < A^fi, [3, 7) = 7 — a/3 for some a > (see [15, 
Remark 5.2]). In particular, we obtain the bound Ai(f2, 7) < 7 
always, independent of the volume offl. This yields the following result, 
which obviously remains true if we replace D k by any domain Q having 
at least k c.c.s. 

Lemma 4.3. We have A k (D k , ft, 7) < 7 for all k > 1. 



a e (0, T //3). 



A fc (fi,)3,7) = A fe (ft,a). 



(4.4) 
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Proof. As in Section [31 we write D k as the disjoint union of k balls 
B M/k . Then A k (D k , (3, 7) = hx{B M/k , p, 7) < 7. □ 

We are now in a position to give the proof of Theorem 14.11 Since 
j3, 7 are fixed we will write A k (Q, j3, 7) = A k (Q) if there is no danger of 
confusion. The following lemma contains the core of the argument. 

Lemma 4.4. Let j3, 7 > be given and U,V C ~R N bounded, Lipschitz. 

(i) IfA k (U) < 7, then for a := (7 - A k (U))/(3, 

X k (U,a)>X k (V,a) (4.5) 

implies 

A k (U) > A k (V). (4.6) 

// the equality in (14.51) is strict, then it is also strict in (14.61) . 

(ii) Suppose A k (V) < 7 and let a : = (7 - A k (V))/(3. If gSD holds 
(resp. is strict), then (14.51) holds (resp. is strict) for this a. 

Proof, (i) Suppose ( 14.51) holds but (14. 61) fails. Using Lemma 14.21 and 
(14. 51) respectively, 



A k (U) = X k (U, 



>A fc (V,l^)>A^l^)^A fc( n 

where the second inequality follows from Lemma IA.l( i) since 7 — 
A k (U) > 7 — A k (V) by the contradiction assumption. Hence A k (U) > 
A k (V), contradicting the assumption that (14.61) fails. Now suppose 
(14. 5 p is strict and the contradiction assumption becomes A k (U) < 
A k (V). Since the first inequality in the above line of reasoning is now 
strict, we still obtain a contradiction as nothing else changes. Hence 
we cannot have equality in ( 14.61) . 

(ii) Now suppose that (14.61) holds and that (14. 51) fails. Interchanging 
the roles of U and V, we may argue essentially exactly as in (i) to 
obtain the desired conclusion (and do similarly for strictness). □ 



Proof of Theorem \4.1\ (i) Suppose D satisfies (14. 2D . Let (Q m ) m( zn be a 



minimising sequence for A^. By Lemma H~3| we may assume A k (£l m ) < 
7 for all m, so that (7 - A k (Q m ))/(3 e (0, 7/^) and thus (T4~2l holds for 
these values of a. Fixing m G N, we may apply Lemma T4.4( i) with Q m 
in place of U and D in place of V to conclude A k (Q m ) > A k (D). Since 
(^m)meN was a minimising sequence, D must minimise A k (Q). For the 
converse, suppose D satisfies (I4.3D . Since A k (D) < 7 by Lemma l4~3l 
it follows directly from Lemma I4.4( ii) that D satisfies ( 14. 2 p for a = 
(7 - A k (D))/(3. 

(ii) Sharpness in both directions now follows immediately from strict- 
ness of the inequalities in Lemma 14.41 
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(iii) Fix Q ^ D k . By Theorem I3.1( i). there exists > such 
that Afc(Q, a) > X k (D k ,a) for all a G (0, an). If /3, 7 are fixed with 
7/7? < an, then we have A & (0, a) > X k (D k ,a) for a = (7 - A fc (f2))//3 
in particular. Since also A k (D k ) < 7 by Lemma |4~3"| without loss of 
generality we may assume A k (Q) < 7 (otherwise A k (Q) > 7 > Afc(D) 
and we are done). But in this case it follows from Lemma I4.4( i) (with 
Q = U) that A k (Q) > A k (D k ) anyway. 

(iv) Let k and iV be such that the conclusion of Theorem l3.1( ii) holds. 
By (iii) it suffices to show there exist (3, 7 > and a domain Q with 
A k (fl, (3, 7) < A k (D k , P, 7). Choose Q and a* > such that A fc (fi, a*) < 
\ k (D k ,a*). Now we may write A k (D k ,/3,j) = Ai(D k ,fi,y) = 7 - a/3, 
where a satisfies (7 — \i(D k ,a))j3 = a. Since \\{D k) a) is continuous 
and monotonic with respect to a, an elementary argument shows that 
by fixing (3 and varying 7, we may obtain every a > as a solution to 
(7 — \i(D k ,a))P = a for some /3,j > 0. Now choose /3, 7 such that 
A k (D k , j3, 7) = 7 — a*/3. For this /3, 7, we may apply Lemma fOl fi) with 
U = D k and V = to conclude A k (D k} (3 } ^) > A k (£l,f3, 7). 

(v) This follows immediately from (i) and (ii) combined with Theo- 
rem mu □ 

Appendix A. Some basic eigenvalue properties 

Here we collect some elementary but useful facts about the behaviour 
of the eigenvalues of the Robin and Neumann Laplacians. 

Lemma A.l. Suppose Q C M. N is a fixed Lipschitz domain and p = 2. 
Then the following assertions are true. 

(i) Let k > 1. Then X k (Q,a) is continuous and monotonically 
increasing as a function of a G 1KL 

(ii) For any a > and k>l, we have \ k (Q,a) < fi k (fl). 

(iii) Ai(f2,a) — > /ii(fi) as a — > 00. 

Proof. Parts (i) and (ii) follow immediately from the minimax formula 
for the kth eigenvalue (see [4, Section VI. 1]. Note that although [4] 
only deals with the case N = 2, none of the relevant arguments depend 
on the dimension of the space). For part (iii), see for example [12]. □ 

Our next lemma expresses in our notation the well-known fact that 
the first Neumann eigenvalue of a connected domain is simple, with 
constant functions the only eigenfunctions. We omit the proof (see [11, 
Problem 2.2]). 

Lemma A. 2. Let p = 2. If Q is bounded, Lipschitz and connected, 
then A 2 (fi,0) > 0. 

The following equally well-known result is true in general for the 
kth eigenvalue of (11.11) on any reasonably smooth domain, although we 
only need this for the first eigenvalue of a ball. A proof (for balls) can 
be found in [2, Lemma 4.1]. 
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Lemma A. 3. Suppose 1 < p < oo. Let B m denote the ball of volume 
m, centred at the origin. For a > fixed, Xi(B m ,a) is a strictly 
decreasing, continuous function ofm>0. 

Acknowledgements. The author offers his warmest thanks Daniel 
Daners for many helpful discussions and suggestions. 
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